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Abstract
A tournament is an orientation of a complete graph, and in general a multipartite or c-partite tournament is an orientation of a
complete c-partite graph.
For c2 we prove that a regular c-partite tournament with r2 vertices in each partite set contains a directed path with exactly
two vertices from each partite set. Furthermore, if c4, then we will show that almost all regular c-partite tournaments D contain a
directed path with exactly r − s vertices from each partite set for each given integer s ∈ N, if r is the cardinality of each partite set
of D. Some related results are also presented.
© 2006 Elsevier B.V. All rights reserved.
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1. Terminology and introduction
A c-partite or multipartite tournament is an orientation of a complete c-partite graph. A tournament is a c-partite
tournament with exactly c vertices. A semicomplete multipartite digraph is obtained by replacing each edge of a
complete multipartite graph by an arc or by a pair of two mutually opposite arcs. By a cycle (path) we mean a directed
cycle (directed path). If V1, V2, . . . , Vc are the partite sets of a c-partite tournament D and the vertex x of D belongs to
the partite set Vi , then we deﬁne V (x) = Vi .
We shall assume that the reader is familiar with standard terminology on directed graphs (see, e.g., [1]). In this paper,
all digraphs are ﬁnite without loops or multiple arcs. The vertex set and the arc set of a digraph D are denoted by V (D)
and E(D), respectively. If xy is an arc of a digraph D, then we write x → y and say x dominates y. If X and Y are
two disjoint subsets of V (D) or subdigraphs of D such that every vertex of X dominates every vertex ofY, then we say
that X dominates Y, denoted by X → Y . Furthermore, XY denotes the property that there is no arc fromY to X. The
number of arcs going from X to Y are denoted by d+(X, Y ).
The out-neighborhood N+D(x)=N+(x) of a vertex x is the set of vertices dominated by x, and the in-neighborhood
N−D(x)=N−(x) is the set of vertices dominating x. For a vertex set X of D, we deﬁne D[X] as the subdigraph induced
by X. The numbers d+D(x) = d+(x) = |N+(x)| and d−D(x) = d−(x) = |N−(x)| are the outdegree and indegree of x,
respectively.
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The global irregularity of a digraph D is deﬁned by
ig(D) = max{max(d+(x), d−(x)) − min(d+(y), d−(y)) | x, y ∈ V (D)},
and the local irregularity by il(D)= max |d+(x)− d−(x)| over all vertices x of D. If ig(D)= 0, then D is regular and
if ig(D)1, then D is called almost regular.
A cycle of length m is an m-cycle. A cycle or path in a digraph D is Hamiltonian, if it includes all the vertices of D.
If D contains a Hamiltonian cycle, then we also say that D is Hamiltonian.A digraph D is called pancyclic, if it contains
cycles of length n for all n ∈ {3, 4, . . . , |V (D)|}, and even pancyclic, if it contains cycles of all even lengths. A set
X ⊆ V (D) of vertices is independent, if the induced subdigraphD[X] has no arcs. The independence number (D)=
is the maximum size among the independent sets of vertices of D. A digraph D is strongly connected or strong if, for
each pair of vertices u and v, there is a path from u to v in D. A digraph D with at least k + 1 vertices is k-connected,
if for any set A of at most k − 1 vertices, the subdigraph D − A obtained by deleting A is strong. The connectivity of
D, denoted by (D), is then deﬁned to be the largest value of k such that D is k-connected. A factor is a subdigraph
H of D with V (H) = V (D). A factor is called a cycle-factor, if it consists of a set of vertex disjoint cycles, and it is a
k-path-cycle, if it consists of a set of vertex disjoint paths and cycles, where k stands for the number of paths in the set.
A cycle-factor with the minimum number of cycles is called a minimal cycle-factor. The path covering number pc(D)
of a digraph D is the minimum number of paths in D that are pairwise vertex disjoint and cover the vertices of D.
Let B = B(r1, r2, r3, r4) be the following bipartite tournament, which will be useful later. Let R1, R2, R3, R4 be
pairwise disjoint independent sets of vertices with |Ri | = ri for 1 i4. Deﬁne V (B)=R1 ∪R2 ∪R3 ∪R4 such that
Ri → Ri+1 for i = 1, 2, 3 and R4 → R1.
In recent articles, the authors searched for cycles in multipartite tournaments with a given number of vertices from
each partite set. A ﬁrst result was made byYeo [15] in 1997.
Theorem 1.1 (Yeo [15]). Every regular multipartite tournament is Hamiltonian.
According to the well-known result of Moon [8] that every strongly connected tournament is Hamiltonian, the
following theorem guarantees the existence of a cycle with exactly one vertex of each partite set in almost regular
c-partite tournaments with c5.
Theorem 1.2 (Volkmann and Winzen [12]). Let D be an almost regular c-partite tournament with c5. Then D
contains a strongly connected subtournament of order c.
Another theorem belonging to this category of results is the following.
Theorem 1.3 (Volkmann and Winzen [14]). Let V1, V2, . . . , Vc be the partite sets of a regular c-partite tournament D
with |V1|= |V2|= · · ·= |Vc|= r2. If c5 or c=4 and r4 or c=3 or c=2 and D is not isomorphic to B(s, s, s, s),
then D contains a cycle with exactly r − 1 vertices from each partite set.
Since the proofs of these theorems become more and more complex, in this article, we will treat the following weaker
problem of searching for Hamiltonian paths containing a given number of vertices from each partite set.
Problem 1.4. Which conditions have to be fulﬁlled such that a c-partite tournament with the partite setsV1, V2, . . . , Vc
contains a path with exactly ri vertices of Vi for all 1 ic and given integers 0ri |Vi |?
According to the Theorems 1.1, 1.2 and 1.3, we have solutions for Problem 1.4 for the cases that D is an almost
regular c-partite tournament and ri = 1 for all 1 ic or D is a regular c-partite tournament and ri = (D) for all
1 ic or ri = (D) − 1 for all 1 ic. Since the vertices of a cycle in a bipartite tournament D alternate between
the two partite sets of D, Beineke and Little [2] (for a stronger form, see also [19]) gave a solution of Problem 1.4,
if D is a regular bipartite tournament.
Theorem 1.5 (Beineke and Little [2]). A bipartite tournament is even pancyclic, if it is Hamiltonian and is not iso-
morphic to the bipartite tournament B(r, r, r, r) with r2.
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If we remove one vertex of each partite set in the bipartite tournament B(r, r, r, r), then obviously the remaining
bipartite tournament contains a Hamiltonian path.
In Section 2, we will give a solution of Problem 1.4 with ri =2 for all 1 ic by showing that every regular c-partite
tournament with at least r2 vertices in each partite set contains a path with exactly two vertices from each partite
set. Furthermore, we will give some results for the case that D is a regular multipartite tournament and 2ri3 for
all 1 ic in Problem 1.4.
In Section 3, we will treat the case that D is a regular c-partite tournament and ri = (D) − s for 1 ic and a
given integer 2sr − 1. We will show that almost all regular c-partite tournaments D with c4 contain a path with
exactly r − s vertices from each partite set, if s ∈ N is an arbitrary integer and r is the cardinality of every partite set of
D. Especially we will prove that each regular c-partite tournament D with c5 and at least r5s − 3 vertices in each
partite set or with c = 4 and at least r7s − 5 vertices of each partite set contains a path with exactly r − s vertices of
each partite set. Nevertheless, we conjecture that this result also holds for all rs + 1.
2. A path with two or three vertices from each partite set
The following results play an important role in our investigations. We start with a well-known fact about regular
multipartite tournaments.
Lemma 2.1. If D is a regular c-partite tournament with the partite sets V1, V2, . . . , Vc, then (D) = |V1| = |V2| =
· · · = |Vc|.
Theorem 2.2 (Rédei [9]). Every tournament has a Hamiltonian path.
Theorem 2.3 (Camion [4]). Each strongly connected tournament is Hamiltonian.
Theorem 2.4 (Bondy [3]). Every strongly connected c-partite tournament contains anm-cycle for eachm∈{3, 4, . . ., c}.
Theorem 2.5 (Gutin [6]). A multipartite tournament has a Hamiltonian path if and only if it contains a 1-path-cycle
factor.
Theorem 2.6 (Guo and Volkmann [5]). Every partite set of a strongly connected c-partite tournament has at least one
vertex that lies on cycles of each length m for m ∈ {3, 4, . . . , c}.
Theorem 2.7 (Yeo [16]). If D is a multipartite tournament, then
(D) |V (D)| − (D) − 2il(D)
3
.
Theorem 2.8 (Yeo [17]). Let D be a regular c-partite tournament with c4 and the partite sets V1, V2, . . . , Vc such
that |V1| = |V2| = · · · = |Vc| = r . If w is an arbitrary vertex in D, then for all integers p with 3p(c− 2)r + 2, there
exists a p-cycle C in D such that w ∈ V (C).
Example 2.9. We deﬁne the familyF of regular 4-partite tournaments with the partite sets W1,
W2 = A2 ∪ B2, W3 = A3 ∪ B3, W4 = A4 ∪ B4
with 2|Ai |=2|Bi |= |Wi |=2t for i=2, 3, 4 as follows. The setsA2, A3, A4 andB2, B3, B4 induce a t-regular 3-partite
tournament A and B, respectively. In addition, let W1 → AB → W1. Obviously, if D ∈ F, then D is a 3t-regular
4-partite tournament with the separating set W1 and thus (D) = 2t = (D).
Theorem 2.10 (Volkmann [11]). If D is a regular 4-partite tournament, then
(D) |V (D)| − (D) + 1
3
,
with exception of the case that D is a member of the familyF (cf. Example 2.9).
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Theorem 2.11. Let D be a regular c-partite tournament with c2 and the partite sets V1, V2, . . . , Vc such that
|V1| = |V2| = · · · = |Vc| = r2. Then D contains a path with exactly two vertices from each partite set.
Proof. If r = 2, then, according to Theorem 1.1, D is Hamiltonian and we are done. Let in the following r3.
Case 1. Let c5. In view of Theorem 1.2, there exists a strongly connected subtournament T1 of order c, which
contains, by Theorem 2.3, a Hamiltonian cycle C. If T2 is an arbitrary subtournament in D − V (T1) of order c, then,
by Theorem 2.2, T2 has a Hamiltonian path P ′. Now C ∪ P ′ is a 1-path-cycle factor of D[V (C) ∪ V (P ′)]. Applying
Theorem 2.5, we see that the Hamiltonian path P of D[V (C) ∪ V (P ′)] has the desired properties.
Case 2. Let c = 2. In view of Theorem 1.1, D has a Hamiltonian path. Every part P of the Hamiltonian path with
|V (P )| = 4 has the desired properties.
Case 3. Let c= 3. In view of Theorem 2.4, there exists a 3-cycle C3. Analogously to Case 1, we arrive at the desired
path.
Case 4. Let c = 4. This yields that r = 2s4 is even, and d+(x) = d−(x) = 3s for each x ∈ V (D). Let V1 =
{x1, x2, . . . , xr}, V2 ={y1, y2, . . . , yr}, V3 ={u1, u2, . . . , ur}, and V4 ={v1, v2, . . . , vr}. With respect to Theorem 2.8,
there exists a 5-cycle C5 in D. If C5 contains vertices from four partite sets, then we obtain the desired path as above.
If C5 contains vertices from three partite sets, then let, without loss of generality, C5 = x1y1u1x2y2x1. If there exists
a path viutvj with t2 and i = j , then Theorem 2.5 leads to the desired path. If not, then we can assume, without
loss of generality, that there is a vertex ut ∈ V3 − {u1} such that ut → V4.
Case 4.1. There exists one of the arcs x1ut or y1ut or x2ut or y2ut . In a ﬁrst step, we will show that (V (C5)−{w}) →
V4, if w → ut with w ∈ {x1, y1, x2, y2}.
Firstly, let w = y2. If vi → x1 or vi → y1 or vi → u1 or vi → x2 for an i with 1 ir , then we arrive at the cycle
utvix1y1u1x2y2ut or utviy1u1x2y2ut or utviu1x2y2ut or utvix2y2ut through four partite sets and we are done. Hence
we investigate now the case that {x1, y1, u1, x2} → V4.
If w ∈ {x1, y2}, then analogously as above we arrive at the desired result (V (C5) − {w}) → V4. Hence, let
x2ut ∈ E(D). If vi → y2 or vi → x1 or vi → y1 with 1 ir , then we arrive at the cycle utviy2x1y1u1x2ut or
utvix1y1u1x2ut or utviy1u1x2ut through four partite sets and we are done. If vi → u1, then let us observe an arbitrary
vertex vj with 1jr and i = j . If vj → y1, then as above we arrive at a cycle of length 5 through four partite
sets and we are done. If y1 → vj , then utviu1x2ut and y2x1y1vj is an 1-path-cycle factor and Theorem 2.5 yields the
desired result.
So from now on, we may suppose that (V (C5) − {w}) → V4, if w → ut with w ∈ {x1, y1, x2, y2}. Without loss of
generality, let w = y2. Because of d+(ut ) = d−(ut ) = 3s6, there exist vertices xp and vj or yp and vj with p3
such that vj → xp → ut or vj → yp → ut , say vj → yp → ut . Applying Theorem 2.5 on the 1-path-cycle factor
x1y1u1x2vk and vjyputvj with j = k, we obtain the desired path of order 8.
Case 4.2. Let ut → {x1, x2, y1, y2}. If there is no arc leading from vj with 1jr toN−(ut )−V (C5)=N−(ut ) ⊆
V1 ∪V2, then we observe that |N−(vj )| |N−(ut )|+ |{ut }|, a contradiction to the regularity of D. Hence, let vjxputvj
or vjyputvj be a 3-cycle with 1jr and p3. Since the other case follows similarly, we will treat the case that
there exists the 3-cycle C = vjyputvj . Let vi ∈ V4 −{vj }. If y2 → vi , then we deﬁne the path P ′ = y1u1x2y2vi , and if
vi → y2, then let P ′ = viy2x1y1u2. Applying Theorem 2.5, we see that the Hamiltonian path P of D[V (C5)∪ V (P ′)]
has the desired properties. 
Theorem 2.12. Let D be a regular 3-partite tournament with the partite sets V1, V2, V3 such that |V1| = |V2| = |V3| =
r3. Then D contains a path P with at exactly three vertices from each partite set.
Proof. If r = 3, then, according to Theorem 1.1, D is Hamiltonian and we are done. Let now r4. According to
Theorem 2.4, there exists a 3-cycle C3 in D. Theorem 2.7 shows that
(D − V (C3)) 3r − 3 − (r − 1) − 43 =
2r − 6
3
> 0.
Therefore, Theorem 2.4 yields a further 3-cycle C∗3 in D −V (C3). Let P = a1a2a3 be a path in D − (V (C3)∪V (C∗3 ))
with exactly one vertex from each partite set. Then C3 ∪C∗3 ∪P is a 1-path-cycle factor in D[V (C3)∪V (C∗3 )∪V (P )],
and Theorem 2.5 leads to the desired result. 
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Theorem 2.13. Let D be a regular c-partite tournament with c2 and the partite sets V1, V2, . . . , Vc such that
|V1|= |V2|= · · ·= |Vc|= r3. Then D contains a path P with at least two and at most three vertices from each partite
set such that
|V (P )|2c + c
2
+ r − c
2(r − 1) .
Proof. Case 1. Let 2c3. If c = 2 or c = 3, then the desired result follows from Theorem 1.1 or 2.12, respectively.
Case 2. Let c = 4. It follows that r4 is even. In view of Theorem 2.4, there exists a 3-cycle C3 = x1x2x3x1 such
that, without loss of generality, xi ∈ Vi for 1 i3.
Subcase 2.1. Let r=4.According to Theorem 2.7, we deduce that (D)4 and thus we conclude that the subdigraph
D − V (C3) is strongly connected. By Theorem 2.6, there exists a vertex w ∈ V4, which is contained in a 3-cycle
C′3 = wy1y2w of D − V (C3). Let, without loss of generality, yi ∈ Vi for i = 1, 2. According to Theorem 2.2, there
exists a path P ′ of length three in D − (V (C3) ∪ V (C′3)) such that all vertices of P ′ belong to different partite sets,
and C3 ∪ C′3 ∪ P ′ is a 1-path-cycle factor of D[V (C3) ∪ V (C′3) ∪ V (P ′)]. Applying Theorem 2.5, we see that the
Hamiltonian path P of D[V (C3) ∪ V (C′3) ∪ V (P ′)] has at least two and at most three vertices from each partite set
such that
|V (P )| = 10 = 2c + c
2
+ r − c
2(r − 1) .
Subcase 2.2. Let r6. According to Theorem 2.10, we deduce that (D)7 or D is a member of the family F.
If D ∈F, then it is easy to verify that there exists a path P with the desired properties. Otherwise, in view of Theorem
2.6, we can choose two vertex disjoint 3-cycles C′3 and C′′3 in D−V (C3) such that both of these cycles contain vertices
v and w of the partite set V4. If C′3 = vy1y2v and C′′3 = wu1u2w such that, for example, yi, ui ∈ Vi for i = 1, 2, then
we choose in D − (V (C3) ∪ V (C′3) ∪ V (C′′3 )) a path P ′ = ab with a ∈ V3 and b ∈ V4. Now the 1-path-cycle factor
V (C3) ∪ V (C′3) ∪ V (C′′3 ) ∪ V (P ′) of D[V (C3) ∪ V (C′3) ∪ V (C′′3 ) ∪ V (P ′)] yields together with Theorem 2.5 the
desired path P with
|V (P )| = 112c + c
2
+ r − c
2(r − 1) .
Case 3. Let c5. In view of Theorem 1.2, there exists a strongly connected subtournament Tc of order c, which
contains, by Theorem 2.3, a Hamiltonian cycle C. Now let P ∗ be a longest path in D′ = D − V (Tc) with at least one
and at most two vertices from each partite set in D′ such that the ﬁrst c vertices of P ∗ belong to different partite sets.
Let
P ∗ = x1x2 . . . xcy1y2 . . . yt .
If tc/2 + (r − c)/(2(r − 1)), then C ∪P ∗ is a 1-path-cycle factor of D[V (C)∪V (P ∗)]. Applying Theorem 2.5, we
see that the Hamiltonian path P of D[V (C) ∪ V (P ∗)] has the desired properties.
Suppose now that t < c/2 + (r − c)/(2(r − 1)), and let V ′1, V ′2, . . . , V ′c−t be the partite sets in D′ − V (P ∗) with the
property that V ′i ∩V (yj )=∅ for all 1 ic− t and 1j t . It follows that |V ′i |= r −2 for 1 ic− t . Furthermore,
it is straightforward to verify that
(V ′1 ∪ V ′2 ∪ · · · ∪ V ′c−t ) → {y1, y2, . . . , yt }.
Subcase 3.1.There exists an arc ytxi for some iwith 1 ic−t . This leads to the cycleC1=xixi+1 . . . xcy1y2 . . . ytxi
inD′ with |V (C1)|=c+t−i+1.According toTheorem 2.2, there is a pathP ′=a1a2 . . . ac−t inD′[V ′1∪V ′2∪· · ·∪V ′c−t ]
with exactly one vertex from each partite set. Now the path
W = a1a2 . . . ac−t y1y2 . . . ytxixi+1 . . . xc
is also a path with at least one and at most two vertices from each partite set in D′ such that the ﬁrst c vertices belong
to different partite sets. Because of |V (W)| = 2c + 1 − ic + t + 1, we arrive at the contradiction to our assumption
that P ∗ is the longest path with these properties.
L. Volkmann, S. Winzen / Discrete Mathematics 306 (2006) 2724–2732 2729
Subcase 3.2.Assume that {x1, x2, . . . , xc−t }yt . Since D is regular, t < c2 + r−c2(r−1) , and (V ′1∪V ′2∪· · ·∪V ′c−t ) → yt ,
we ﬁnally obtain the contradiction
r(c − 1)
2
= d−D(yt )c − t + (c − t)(r − 2) = c(r − 1) − t (r − 1)
> c(r − 1) −
(
c
2
+ r − c
2(r − 1)
)
(r − 1)
= c(r − 1) − c(r − 1)
2
− r − c
2
= r(c − 1)
2
. 
3. A path with (D)− s vertices from each partite set
In this section, we will search for paths in regular c-partite tournaments with exactly (D) − s vertices from each
partite set. For the case that s = 1, Theorem 1.3 yields a solution, if c5 or c = 4 and r4 or c = 3 or if c = 2 and D
is not isomorphic to B(t, t, t, t). If c = 4, then the fact that D is regular implies that r is even. According to Theorem
2.2, it follows that a regular 4-partite tournament always contains a path with exactly 1 = 2 − 1 vertices of each partite
set. Since the bipartite tournament B(t − 1, t − 1, t, t) also contains a Hamiltonian path, we arrive at the following
corollary.
Corollary 3.1. Every regular c-partite tournament with r2 vertices in each partite set contains a path with exactly
r − 1 vertices of each partite set.
So, from now on, we may suppose that s2. To treat this case, we ﬁrstly need some helpful results. The ﬁrst one
of Gutin andYeo [7] is important in order to look for the existence of a Hamiltonian path in a semicomplete c-partite
digraph D.
Theorem 3.2 (Yeo [18], Gutin and Yeo [7]). If D is a semicomplete c-partite digraph, then pc(D)> k1 if and only
if V (D) can be partitioned into subsets Y,Z,R1, R2 such that
R1Y, (R1 ∪ Y )R2, Y is an independent set (1)
and |Y |> |Z| + k.
The following theorem is almost identical with Theorem 3.1 in [13]. The proof is similar to the proof of Lemma 4.3
in [18] and Theorem 3.2 in [7].
Theorem 3.3 (Stella, Volkmann andWinzen [10]). Let V1, V2, . . . , Vc be the partite sets of the semicomplete multipar-
tite digraph D such that |V1| |V2| · · ·  |Vc|. Assume that pc(D)> k for an integer k1. According to Theorem 3.2,
V (D) can be partitioned into subsets Y,Z,R1, R2 satisfying (1) such that |Z| + k + 1 |Y | |Vc| − t with an integer
t0. Let Vi be the partite set with the property that Y ⊆ Vi . Let Q = V (D) − Z − Vi , Q1 = Q ∩ R1, Q2 = Q ∩ R2,
Y1 = R1 ∩ Vi and Y2 = R2 ∩ Vi . Then
ig(D)
|V (D)| − |Vc−1| − 2|Vc| + 3k + 3 + |Y2|
2
,
if Q1 = ∅,
ig(D)
|V (D)| − |Vc−1| − 2|Vc| + 3k + 3 + |Y1|
2
,
if Q2 = ∅, and
ig(D) il(D)
|V (D)| − |Vc−1| − 2|Vc| + 3k + 3 + t
2
,
if Q1 = ∅ and Q2 = ∅.
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An analysis of the proof of the last theorem yields the following result.
Corollary 3.4 (Stella,Volkmann andWinzen [10]). LetV1, V2, . . . , Vc be the partite sets of the semicomplete multipar-
tite digraph D such that |V1| |V2| · · ·  |Vc|. Assume that pc(D)> k for an integer k1. Let Y,Z,R1, R2,Q,Q1,
Q2, Vi, Y1 and Y2 be deﬁned as in Theorem 3.3.
If Q1 = ∅ and ig(D) = (|V (D)| − |Vc−1| − 2|Vc| + 3k + 3 + |Y2|)/2, then the following holds.
(i) min{d−(w)|w ∈ Vi} = |Z| = |Y | − k − 1.
(ii) |Y | = |Vi | − |Y2|, which means that |Y1| = 0 and |Vi ∩ Z| = 0.
(iii) Y → Q2 → (Y2 ∪ Z).
(iv) d−(q2) = d+(q2) + k − |Y2| + 1 for all q2 ∈ Q2.
(v) max{d+(w), d−(w)|w ∈ V (D) − Vi} = d−(q) for a vertex q ∈ Q2 such that |V (q)| = |Vc−1|
(vi) ig(D) = max{d−(q)|q ∈ Q2} − min{d−(w)|w ∈ Vi}.
(vii) |Vi | = |Vc|.
(viii) |V (D)| − |Vc−1| − 2|Vc| + 3k + 3 + |Y2| is even.
Let j =c−1, if i=c and j =c, if i < c. IfQ1 = ∅ andQ2 = ∅ and ig(D)=(|V (D)|−|Vc−1|−2|Vc|+3k+3+ t)/2,
then we conclude that
(a) ig(D) = il(D).
(b) {|Vi |, |Vj |} = {|Vc|, |Vc−1|}.
(c) Vi ∩ Z = ∅, |Z| = |Y | − 1 − k, |Y | = |Vc| − t .
(d) |Vm ∩ Q1| = |Vl ∩ Q1| and |Vm ∩ Q| = |Vl ∩ Q| for all 1 l, mc such that Vm ∩ Q = ∅ and Vl ∩ Q = ∅.
(e) Vj ⊆ Q.
(f) d(Q1,Q2)/|Q1| = (|V (D)| − |Vc−1| − 2|Vc| + 1 + k + t)/2 − |Y2| + |Y1| and
d(Q1,Q2)/|Q2| = (|V (D)| − |Vc−1| − 2|Vc| + 1 + k + t)/2 + |Y2| − |Y1|.
(g) d+(q1) = d−(q1) + ig(D) for all q1 ∈ Q1 and d−(q2) = d+(q2) + ig(D) for all q2 ∈ Q2.
(h) Q2 → (Z ∪ Y2), (Z ∪ Y1) → Q1.
(j) |V (D)| − |Vc−1| − 2|Vc| + 3k + 3 + t is even.
Theorem 3.5 (Volkmann andWinzen [13]). LetV1, V2, . . . , Vc be the partite sets of the semicomplete c-partite digraph
D such that 1r = |V1| |V2| · · ·  |Vc|r + p for an integer p0. If c max{2, 3 + (2ig(D)− 5 + p)/r}, then
D contains a Hamiltonian path.
Theorem 3.6. Let V1, V2, . . . , Vc be the partite sets of a regular c-partite tournament D with c4 and |V1| = |V2| =
· · ·= |Vc|= r2. Furthermore, let X be an arbitrary subset of V (D) consisting of m partite sets with exactly s vertices
and c − m partite sets with exactly s − 1 vertices for 0<mc and 1sr − 1. If
r
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
3s +
⌈
4s − 5
c − 3
⌉
and m = c,
3s +
⌈
4s − 4
c − 3
⌉
and m = c − 1,
3s − 2 +
⌈
4s + 2m − 8
c − 3
⌉
and mc − 2,
then D contains a path P such that V (P ) = V (D) − X.
Proof. Let D′ = D − X with the partite sets V ′1, V ′2, . . . , V ′c such that |V ′1| |V ′2| · · ·  |V ′c | |V ′1| + 1. Since D is
regular, it follows that
ig(D
′)
{
s(c − 1) if c − 1mc,
(s − 1)(c − 1) + m if mc − 2.
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If D′ contains a Hamiltonian path P, then this path P has the desired properties. Using Theorem 3.5 with p = 0,
if m = c, and p = 1, if mc − 1, we see that it is sufﬁcient to show that
3 + 2ig(D
′) − 5 + p
r − s 
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
3 + 2s(c − 1) − 5
r − s if m = c
3 + 2s(c − 1) − 4
r − s if m = c − 1
3 + 2(s − 1)(c − 1) + 2m − 4
r − s if mc − 2
⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭
c.
If we distinguish the cases m= c, m= c− 1 and mc− 2, then, noticing that r ∈ N, equivalent transformations yield
the bounds for r as in the assumptions of this theorem. This completes the proof of the theorem. 
This result immediately yields the following two corollaries.
Corollary 3.7. Every regular c-partite tournament with c4 and r7s − 5 vertices in each partite set contains a
path with exactly r − s vertices from each partite set for a given integer s ∈ N.
Corollary 3.8. For a given integer s ∈ N all but a ﬁnite number of regular c-partite tournaments D with c4 contain
a path with exactly r − s vertices from each partite set, if r is the cardinality of each partite set of D.
Theorem 3.9. Let V1, V2, . . . , Vc be the partite sets of a regular c-partite tournament D with c5 such that |V1| =
|V2|= · · ·= |Vc|= r . If r5s −3 for an integer s2, then D contains a path with exactly r − s vertices of each partite
set.
Proof. Let X be an arbitrary subset of V (D) with exactly s vertices of each partite set (2sr − 1). Theorem
3.6 with m = c guarantees the existence of a Hamiltonian path P of D′ := D − X that has the desired properties,
if r3s + 
(4s − 5)/(c − 3). Since c5, the proof is complete for the case that r5s − 2.
Hence, let r = 5s − 3 and let D′ be deﬁned as above. If D′ contains a Hamiltonian path, then we arrive at the desired
result. Hence, assume that D′ does not contain any Hamiltonian path. If
c3 + 2s(c − 1) − 5
4s − 3 ⇔ c5 +
⌈
1
2s − 3
⌉
= 6,
then Theorem 3.5 leads to a contradiction. Hence, let c= 5 and thus d+D(x)= d−D(x)= 2r = 10s − 6 for all x ∈ V (D).
If ig(D′)s(c − 1) − 1, then because of
55 − 1
4s − 3 = 3 +
2s(c − 1) − 7
4s − 3 3 +
2ig(D′) − 5
r − s
Theorem 3.5 yields a contradiction. Thus we may suppose that ig(D′)= s(c−1)=4s. Let V ′1, V ′2, . . . , V ′c be the partite
sets of D′ and let Y,Z,R1, R2,Q,Q1,Q2, t, V ′i , Y1 and Y2 be deﬁned as in Theorem 3.3.
Firstly, we suppose that |Q1| = 0. If |Y2|> 0, then Theorem 3.3 with k = 1 implies that
ig(D
′)
|V (D′)| − |V ′c−1| − 2|V ′c | + 6 + |Y2|
2
= (c − 3)(r − s) + 6 + |Y2|
2
= r − s + 3 + |Y2|
2
= 4s + |Y2|
2
> 4s,
a contradiction. Hence let |Y2| = 0 and ig(D′) = (|V (D′)| − |V ′c−1| − 2|V ′c | + 6)/2 = 4s. Applying Corollary 3.4
we see that |Y | = |V ′i | = r − s = 4s − 3 (ii) and |Z| = 4s − 5 (i). This yields that |Q2| = |V (D′)| − |Y | − |Z| =
5(r − s)− (4s −3)− (4s −5)=12s −7. Since Y → Q2 (iii), we arrive at d+(y)12s −7 for all y ∈ Y = ∅, because
of s2 a contradiction to d+(y) = 10s − 6. Analogously, we see that the case that |Q2| = 0 is impossible.
Secondly, we assume that Q1 = ∅ and Q2 = ∅. If t > 0, then Theorem 3.3 with k = 1 implies that
ig(D
′)
|V (D′)| − |V ′c−1| − 2|V ′c | + 6 + t
2
> 4s,
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a contradiction. Hence let t = 0 and ig(D′) = (|V (D′)| − |V ′c−1| − 2|V ′c | + 6)/2 = 4s. Applying Corollary 3.4 we see
that |Y | = |V ′c | = 4s − 3 = |Z| + 2 (c) and thus |Y1| = |Y2| = 0. Now Corollary 3.4 (f) implies that |Q1| = |Q2|, and
we arrive at the contradiction
2|Q1| = |Q1| + |Q2| = |Q| = |V (D′)| − |Y | − |Z| = 12s − 7.
This completes the proof of this theorem. 
The results above lead us to the following conjecture.
Conjecture 3.10. Let V1, V2, . . . , Vc be the partite sets of a regular c-partite tournament D with c2 such that
|V1| = |V2| = · · · = |Vc| = r2. Then D contains a path with exactly m vertices of each partite set for every m ∈
{1, 2, . . . , r}.
Note that, according to the Theorems 1.1, 1.5, 2.2, 2.11 and Corollary 3.1, the conjecture holds for c = 2 or m ∈
{1, 2, r − 1, r}.
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